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Abstract

This study presents the failure criteria for a permeable crack embedded in an infinite piezoelectric solid, which is
separately subjected to a set of uniform electromechanical loads. Based on the equivalent inclusion method, a
permeable crack is treated as an elliptical inclusion where its elastic moduli and piezoelectric constants are
considered to be zero, while the dielectric constants remain finite. In addition, the interaction between the crack and
the applied electromechanical loading is examined by introducing the change of total potential energy function.
With this energy function, the energy release rates and the critical loads for fracture are acquired separately in a
closed form for a simple tension, in-plane and out-plane shears, and normal electric flux density applied. The closed
forms for energy release rate and critical electromechanical loading reveal that they are a function of the aspect
ratio of the elliptical crack, the type of the electromechanical loading, and the piezoelectric properties. Moreover,
analysis results indicate that the distinct electric fields can retard the dilation of the elliptical crack, particularly for
an in-plane electric field incited in perpendicular to the crack faces. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Piezoelectric materials have been extensively applied over the last decade to diverse areas such as
electromechanical transducers, electronic packaging, solar projector, thermal sensors, underwater
acoustic, and medical ultrasonic imaging. This trend may account for why these kinds of materials
constitute an important branch of the recently emerging technologies of modern engineering materials.
A prominent feature of utilizing piezoelectric materials is the distribution of preexisting defects from
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which crack propagation can initiate, thereby degrading the strength and stiffness of the materials.
Therefore, effectively using piezoelectric materials mandates that the electroelastic response be clearly
analyzed from a micromechanics perspective so that the importance of defects (or preexisting cracks)
can be thoroughly understood.

Parton (1976) pioneered the analysis of piezoelectric crack problems from a fracture mechanics
perspective. That investigation assumed that a slit crack in a piezoelectric solid is traction free, but the
electric potential and normal component electric displacement are permeably continuous across the
cracked surface. Deeg (1980) proposed the method of distributed dislocations and electric dipoles to
resolve an arbitrarily oriented slit crack with impermeable electric fields in a piezoelectric solid. Pak
(1990, 1992) employed a complex variable approach to examine the mode III crack problem in a
piezoelectric solid and the in-plane -electrostatic fields in and around a circular piezoelectric
inhomogeneity which was subjected to anti-plane loading. In addition, that investigation derived the
stress and electric field intensity factors for different electroelastic loading, which is valid only for a
circular inclusion. Kattis et al. (1997, 1998) adopted two-phase potentials methods to study piezoelectric
smart composites and worked out for the case the anti-plane deformation. In their study, the
piezoelectric composite consisting of two discrete phases of hexagonal piezoelectric crystals is subjected
to mechanical and electric loads causing out-of-plane displacements and in-plane electric field. In a
related investigation, Dunn (1994) employed the equivalent inclusion method to resolve the closed form
of the energy release rate for a permeable elliptical crack in a transversely isotropic piezoelectric solid
simultancously subjected to the antiplane shear stress (mode III) and the in-plane electric loading
actuated in perpendicular with crack faces. The so-called permeable crack is that the dielectric constant
of crack does not vanish, i.e., electric field can propagate through the crack volume when the small
crack volume contains air or some other gas.

However, further efforts must be expended to perform a fracture study of a piezoelectric solid
containing a permeable elliptical crack subjected to mechanical loading in mode I, II, and III as well as
anti-plane electric field, in-plane electric field incited in parallel or perpendicular with crack faces.
Accomplishing such a task would allow us to fully exploit the advantages of piezoelectric materials.
Therefore, in this study, we study the closed form of the energy release rate and the critical
electromechanical loads for a permeable elliptical crack involved in an infinite piezoelectric solid, which
is solely subjected to either one of three kinds of mechanical loading or one of three kinds of electric
loading.

The rest of this paper is organized as follows. By modeling the disturbed strain and electric field
induced by inclusions, the anisotropic inclusion method (see e.g. Huang and Kuo, 1996; Mura, 1987) is
employed to consider the inherently anisotropic coupled behavior of a piezoelectric material. Then, a
unified and explicit expression for the coupled electroelastic Eshelby tensors is obtained for the
piezoelectric ellipsoidal inclusions in a transversely isotropic medium. Next, the feasibility of using the
subsequent tensors in the analysis of a permeable crack is studied. Finally, based on the Griffith (1921)
theory, an interaction energy density function is introduced to fully consider the interaction between
electromechanical loads and crack extension forces. In light of the results presented herein, the energy
release rates and the critical electromechanical loads are explicitly obtained for the fracturing of a
piezoelectric cracked solid subjected to different applied loads.

2. Electroelastic Eshelby tensors
The Eshelby tensor (Eshelby, 1957) for isotropic elasticity serves as the foundation for the theory of

micromechanics of materials as it is a prerequisite for resolving inclusion problems. This tensor has
numerous applications in diverse areas such as fracture mechanics, composite materials, phase
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transformation, thermal problems and for materials with defects. Mura (1987) obtained many intriguing
results via this tensor. In this section, we establish a similar tensor to resolve piezoelectric inclusion
problems.

Following the formulation of Huang and Kuo (1996) we start by considering an infinitely extended
piezoelectric solid D containing an ellipsoidal piezoelectric inclusion Q whose electroelastic moduli L;;yy,
are the same as the matrix. The shape of reinforcement is considered to be ellipsoid, which can treat
composite reinforcement geometrical configurations ranging from the thin flake to continuous fiber
reinforcement. Let Z3,, be eigenstrain (or stress-free transformation strain) and eigenelectric field (or
electric displacement-free transformation electric field) in the inclusion Q, and zero in the matrix D—Q.
Herein the electroelastic moduli L., and eigenfield Z7%,, are defined as follows (Huang and Kuo,
1996):

C('/’mn Jv M< 3,
ey JS3IM =4, « &, M<3,
Linn = o T=am<3, “wn= | JEr M =4, 1
—kin J, M =4,

where Cjj,,, denotes the elastic moduli measured at a constant electric field, e,,, piezoelectric coefficient
measured at a constant strain or electric field, k;, dielectric constant measured at a constant strain, &},
eigenstrain, and E, eigenelectric field.

When the eigenstrain and eigenelectric field in the inclusion are uniform, the induced strain ¢,,,, and
the electric field £, in Q can be expressed as

Emn = Smnabgzb - Smn4bEza - En = S4n4bEZ - S4mlb£2bv (2)
or written in the following unified expression

_ * Smmlb8>k - Smn4bE7;9 M< 37
Zvtn = SwnarZ 4 = { S4nab8f;,b— SanapE M =4, 3)
where Sj,45 represents a set of four tensors that are referred to as the electroelastic Eshelby tensors
analogous to the Eshelby tensor for elasticity. Unless stated otherwise, conventional indicial notation is
used where repeated lowercase subscripts are summed over 1 to 3; meanwhile, uppercase subscripts are
summed over 1 to 4.

A permeable crack, in which the electric potential and normal component of the electric displacement
are continuous across the crack surfaces, are modeled in this work as an elliptical (a3 — oo, aj/ay=a)
inclusion oriented with its generatrix parallel to xs-axis. In addition, components of the electroelastic
Eshelby tensors for elliptical inclusions in a transversely isotropic solid with the x3-axis normal to the
plane of isotropy can be expressed as (Huang and Yu, 1994):

2+ 3a)Cy + aCyy _ (3a+2a2)C11+aC12

S = , S )
2(1 4+ a)>Cy 2(1 4+ a)>Cy,
—aCy + 2+ a)Cpy —aCyy + (a+2a*)Cy,
Sz = 5 » o S = 3
2(1 +a)=Cyy 2(1 +a)=Cy;
Ci3 aCr3
S =— 5 =
T v TP T 1+l
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aesy
(1+a)Cii’

€3]

Bl Spm=
(I+a)Cn 28

St143 =

1+a+ az)Cn —aCpy

S1212 = S1221 = S2112 = So121 =

2(1 4+ a)>Cy ’

S1313 = S1331 = S3113 = S3131 = !

1313 = 91331 = 93113 = O3131 = 1 ta)
Syizs = Sy = Sy = Ssopy = ———

2323 = 02332 = O3223 = 03232 = A +a)

1 a

Saia1 = ——, S = . 4

a4 = =T “)

In arriving at the foregoing equations, the generalized Voigt two-index notation:

11—1, 22-2, 33—-3, 23—4, 31535,
12—6, 417, 42—8, 439, 5)

is adopted to represent the electroelastic moduli L,;,, of the solid.

3. The ellipsoidal inhomogeneity inclusion

Until now, both the matrix and the inclusion have been assumed to have the same electroelastic
constants. Next, consider a case involving an ellipsoidal inhomogeneity inclusion, where matrix and
inclusion have different electroelastic constants. Moreover, consider a sufficiently large piezoelectric
composite D, which contains an ellipsoidal inhomogeneity Q with the electroelastic moduli L7, The
surrounding piezoelectric matrix is denoted by D—Q and has the electroelastic moduli L,;;4,. Let the
composite be subjected to a far-field traction and electric displacement T{m; on the boundary with
outward unit normal vector n;, where shorthand notation =%, represents

0 0'2- J<3,
D= ©)
= DY J=4,

with ag» and DY being the applied stress and electric displacement, respectively.

If no inhomogeneity exists, the strain and electric field, Z s uniformly distribute over the entire
domain. The inhomogeneity provides a disturbance in local fields of both the matrix and inhomogeneity.
Let 27 and =% denote the local disturbances of the stress and electric displacement in the matrix and
inhomogeneity, respectively. Hereafter the superscripts ‘m’ and ‘QQ’ denote quantities in the matrix and
the inhomogeneity respectively. Then, the stress and electric displacement in the inhomogeneity can be
expressed as

0 Q
S+ = L2 + Z 0+ Zom). 7
17 iJ
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According to the equivalent inclusion method (Eshelby, 1957), the stress and electric displacement in

inhomogeneity can be simulated in an equivalent inclusion with the electroelastic constants of the matrix
and a fictitious eigenstrain and eigenelectric field, Z7%,. Therefore, Eq. (7) can be written as

0 Q
Z + Z = L?j/Mn(Z (}]1,[,, + Z’;lj[n + ZMH) = LiJMn(Z ?\/[n + 27[14;1 + ZMn - Zx;wn) (8)
iJ iJ

Since the applied load is uniform and the inhomogeneity is ellipsoidal, Z,, is also uniform in the
inhomogeneity (Huang and Yu, 1994), and it can be expressed as a linear function of the fictitious
eigenfields Z 3y, i.e.,

ZMn = SMnAbZ *Mn' (9)

Therefore, the disturbance of stress and electric displacement in the inhomogeneity can be written by
substituting Eq. (9) into Eq. (8) as

Q
Z = LijsinZ 3y, + Lisatn(Svinap — Invnan)Z (10)
7

where the shorthand notation I, represents the second order and fourth order identity tensors,
respectively, i.e.,

(5;71(151117 + 5mb5na)/2 Ma A< 3a
IMnAb = 5;1[1 M=4A4= 4a . (11)
0 otherwise

The equivalent eigenstrain and eigenelectric field, Z3,,, are resolved by substituting Eq. (9) into the
equivalency condition (8). Thus, it can be expressed as follows:

0
hinZ 3y = [JHMZ (12)
nM
where
higvin = (Liy 4 — Lizas)Sapmn + Ligain, (13)
Hijonr = Lijunr — L;}AbLLf}nM (14)

Since a permeable crack can be understood as the inhomogeneity where its elastic moduli C3,,, and
piezoelectric constants e}, vanish while dielectric constants K}, remain finite, 4;7ys,, and H,j, can be
simplified in the following matrix forms through the Voigt two-index notation (5):
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A b huss 0 0 0 0 0 hiigs |
hiiz hun hiss 0 0 0 0 0 hpas
h33in s hazsz 0 0 0 0 0 h33a3
0 0 0 /’12323 0 0 0 112342 0
0 0 0 0 112323 0 ]11341 0 0 . (15)
0 0 0 0 0 hizz O 0 0
0 0 0 0 higiz 0O hiaar O 0
0 0 0 hogrzs 0 0 0 hyagp 0O
| h3a1r 34 haazs O 0 0 0 0 h3a43 |
FHi O 0 0 0 0 0 0 0 7
0 Hy» 0 0 0 0 0 0 0
0 0 Hi3z 0 0 0 0 0 0
0 0 0 Hyps 0 0 0 0 0
0 0 0 0 Hizz 0 0 0 0 (16)
0 0 0 0 0 Hipp 0 0 0
0 0 0 0 Hizz 0 Hizis O 0
0 0 0 Hyps 0 0 0 Hypa O
| H3a1 Hao Hipgz 0 0 0 0 0 H3y34

The non-zero entries of /;5y,, and H,j,)s in the above matrices are tabulated in Appendix A. With ;7,4
and H;j;,, known, the equivalent eigenfields Z73,, in the system of Egs. (12) can be explicitly solved.
Appendix B summarizes those results.

4. Energy release rates
To determine the crack extension force G, a calculation must be made of the change of total potential

energy when the crack is extended by the amount Aa; shown in Fig. 1. When the far-field surface
traction and electric flux density, Z¥m;, is applied on the material’s boundary, the change of total

X,

Xy

Fig. 1. An elliptical crack in a piezoelectric solid with coordinates denoted the orientation of the crack.
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potential energy for the cracked piezoelectric solid is defined as

1 0 0 . 0
A= 5JD (; - Z>(U9’ i+ Vs )dD = JIDl (Z":’)(U3+ U,)ds — EJD ;U% ;

7 i
(17)

dD — Jm <20:n,-> Ubds

il
where |D| denotes the boundary of the composite D.

Since U,; can be written as U;,—Z7;+Z%, Z7; is an equivalent eigenstrain and eigenelectric field in Q
when the inhomogeneity is simulated by an equivalent inclusion, we have

0 0 0
DULi=Y WUpi=Z5+Z5) =LuwUSy Us i = Z5+Z5)= YUY + D 75 (18)
i i i i

With use of the equations of elastic equilibrium and Gauss’ law of electrostatics:

Y ni=0 on|D|, Y =0 inD, (19)
i i, i
it can be demonstrated that
J YUY ,dD =0, (20)
Dy
and
J > U :dD =0. (21)
D iy

where Gauss’ theorem on ’D| has been used. Substituting Eqs. (18) and (20) into (17) leads to

[ & 1 :
AW = —7‘[ ZZ} dx = —*(27“11512)227[’ @2)
2 Q7 2 iJ

where 27ma;a, denotes the volume per unit thickness of the elliptical crack. The above equation can be
easily used to calculate the change of the total potential energy since it involves only the applied
electromechanical loads and the equivalent eigenfields.

The energy release rate per unit thickness for an infinitesimal crack extension is defined as

G =28 (23)
3611

Substituting Z 3, listed in Appendix B into Eq. (23) leads to

_ Ma + a2)Cmad,

G
Ch—-Ch

(24)

for the in-plane shear stress applied,
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_ (Adoar A +4A43a1Cyy + Cl2/43k>1k1)”‘7322

G2 AZ(Cii — C)(Cry + Ch2) @)
for the tensile stress applied,
G = {[a}(2a) + @) Biki1 + axBo((ar + a2)(3ar + ar)eis + 2a1(2ay + a2)Casky1 1k},
+ a} Co[2(ar + a)efs + (2ay + ax)Caak1 K] 0% /{Bo(a By + a1 Cask))) (26)
for the anti-plane shear stress applied,
G = _612C44[€125 + Caalkry — kiDlai Bo + a2(2€211 + ay) Cagk, 1DV 27)
Bo(ai1 By + aCaskt,)
for in-plane electric loading incited in parallel with crack faces,
Gt — @ Culefs + Caalhn = ki)la(2a1 + Clz)fo + a} Cyuk} DY (28)
Bo(ax By + a1 Cask?))
for in-plane electric loading incited in perpendicular with crack faces, and
Gy = 120 = Aik)nDY 29)

Ag

for electric loading in anti-plane sense applied. The positive coefficients 4g—A4; and By appearing in
preceding equations are defined as

Ay = [2Cs3e3, — 4C13e31e33 + (Cy + Cro)edy — 2C Hkss + (Cry + Cra)Cazkas), (30a)
A) = -2C 4 + C11C33 + C1aCis, (30b)
Ay = (Ci1 + C)[-2C13e31835 + Criedy — C Bkas 4+ Cs(ed, + Crikss)l, (30¢)
A3z = (C11 — Ci2)(C11 + Ci2)(Cxzest — Craes)’, (30d)
By = e} + Cuskyy. (30e)

Eqgs. (24)—(26) are the closed forms of the energy release rate for an elliptical permeable crack embedded
in an infinite piezoelectric solid under distinct types of mechanical loading. Correspondingly, being
subjected to different types of electric loading, the closed forms of the release rates for the crack are
represented in Egs. (27)—(29), in which the minus sign physically indicates that the distinct electric fields
can retard the crack propagation.

Next, as a numerical example to emphasize the physical dimension of these closed forms for the
energy release rate, lead zirconate titante (PTZ-5H) piezoceramic is illustrated herein. Its material
properties are represented as follows (Pak, 1992).

C]] =126 GPa, C12 =55 GPa, C13 =53 GPa,
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Fig. 2. Energy release rate of
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Fig. 3. Energy release rate of PTZ-5H piezoceramic vs aspect ratio of the crack under three types of electric fields incited.
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PTZ-5H piezoceramic vs aspect ratio of the crack under three kinds of mechanical loading applied.
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C33 =117 GPa, C44 =353 GPa,
e31 = —6.5C/m?, e33 =23.3C/m? e5=17C/m>,
ki =151%x10"%C/Vm, k33 =130x10"8C/Vm,

Ky = k3 = k33 =8.85x 1072 C/Vm. GD

where GPa denotes the giganewtons per square meter, C represents the charge in coulombs, and V is the
electric potential in volts. According to the numerical results, Fig. 2 exhibits that the energy release rate
linearly increases with respect to the extension of the aspect ratio (a;/a,) of the elliptical crack under
mechanical loading applied. This coincides with the conventional fracture criterion. Fig. 3 displays the
energy release rates versus the aspect ratio of the elliptical crack subjected to three distinct sense of
electric loading with the minus values of the energy release rate. This finding suggests that the electric
loading can diminish the dilation of the elliptical flaw. According to this Fig. 3, the in-plane electric
loading applied in perpendicular with crack faces significantly influences the retarding effect of the
dilation of the crack, compared with another two types of electric loading.

5. Critical electromechanical loads
The critical stress and electric displacement for the crack to be distended under distinct mechanical

loading or electric field can be determined according to the Griffith fracture criterion (see e.g. Griffith,
1921)

0
B_czl(AW+ 2naiary) =0, (32)

where y denotes the surface energy density of the piezoelectric material. Substituting Z7%,, tabulated in
Eqgs. (B1)—(B14) into Eq. (32) leads to

X c%t—C?)
‘731 _ a( 11 12)/ (33)
2(ar + a2)Cry

for the critical in-plane shear stress,

e [245ay(Cii — C)(Cri + Cia)y
0y = 3 " (34)
AoarAr +4A5a,Cry + ar Asky,
for the critical tensile stress,
05, = {2a: Bo(az By + a1 Caak’s)) Y2 /{a32ay + a2) Blki1 + axBol(ar + a2)(3ar + ar)els
+ 2a1(2a; + a2)Cask11]k%, + ai Caa[2(ar + ax)eis + ar + a2) Casky 1]k712}1/2 (35)

for the critical anti-plane shear stress,
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Dt — —2Bo(a1 By + ayCaski))*y (36)
Cuu(By — Caski Na? By + ar(2ay + az)Cask))
for the critical electric displacement in the x; direction,
e — —2Bo(az By + a1 Casks))*y 37)
Caa(By — Caaki))(ax(2ay + a2)By + a? Cuskt))

for the critical electric displacement in the x, direction, and

—2A42y
D= [— =700 38
3 Ay(Ag — Ak (38)

for the critical electric displacement in the x3 direction.

Fig. 4 depicts the numerical demonstration with PTZ-5H piezoceramic for the closed forms of the
critical stresses in Eqs. (33)—(35), where the critical stresses are monotonously decreased with respect to
the extension of aspect ratio of the elliptical crack. The critical anti-plane shear stress in this Fig. 4 has
an enormous value correlated with the critical in-plane shear stress and the tensile stress. This finding
suggests that the elliptical crack is difficult to be ruptured under the mechanical loading applied in anti-
plane shear sense. Eqs. (36)—(38) are the closed forms of the critical electric displacement, in which the
value inside the root symbol is always negative. The negative value physically implies that the trade of
the crack propagation becomes retarded when electric field loading is applied to the piezoelectric solid.
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16000.00 — 1.00
12000.00 — — 0.80

g 8000.00 —| I— 0.60

:

4000.00 — L 0.40
N
>
0.00 — : I ; I . I y 0.20
200.00 400.00 600.00 800.00 1000.00

aspect ratio of the elliptical crack ( 81/a;)

Fig. 4. The variation of critical stress for PTZ-5H piezoceramic with respect to aspect ratio subjected to three kinds of mechanical
loading.
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6. Conclusions

This study theoretically presents the fracture criterion in a closed form for an infinite piezoelectric
solid containing a permeable elliptical flaw separately subjected to three modes of mechanical loading
and three forms of electric loading. The energy release rates are introduced herein to quantitatively
determine the crack extension force. In addition, the critical mechanical stress and critical electric
displacement are employed to forecast the trade of the crack propagation. Moreover, the closed forms
for energy release rate and critical electromechanical loading indicate that they are functions of the
aspect ratio of the crack, the type of the electromechanical loading, and the piezoelectric properties.
Furthermore, explicit results in this study demonstrate that the distinct electric fields can delay the crack
propagation. In addition, the in-plane electric field induced perpendicularly with crack faces has a
profound influence in terms of retarding the dilation of the elliptical crack. The results obtained herein
for a permeable elliptical crack containing in a piezoelectric solid subjected to one of the
electromechanical loading can be extended not only to resolve a permeable crack simultaneously
subjected to mechanical loading and electrical loading, but also to develop the fracture criterion for a
piezoelectric material containing multiple elliptical cracks.

Acknowledgements

The authors wish to thank the National Science Council of the Republic of China for financially
supporting this research under contracts Nos NSC 85-2212-E-035-010 and NSC 87-2216-E-035-016.
Appendix A

The non-zero components of ;. and H;jz,ae in Egs. (15) and (16) respectively, are listed in the
following

I a(l + 2a)(C 121 — Clzz) a(C 121 -C 122)
i = , n=————""",
2(1 +a)*Cny 2(14+a)*Cyy
_a(Ci = C)Ci3 _a(Ciy — Ces
hiyy=———"F7—, hhip=——"7"—
(I+a)Cyy (I+a)Cn
Fyry = Q+a)C{ —Ch o (Ci1 — C2)Ci3
2(14+a)’Cy (1+a)Cpy
s — (C11 — Ci2)es P a(Ci1 — C2)Ci3
S (s T TR s Yo
(C11 — Ci2)Ci3 ch
3322 A+aCy 13333 o + C33,
Cize C
hysay = ——23L 4o, gy = —o

Ci l+a
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ers aCaq
h = N /’[ =
Bn =T, 1313 = 7
aeys aeys
I = 25 s =
R M3 =T,
hiss — —a(ki + k7)) oire — __C15
M = e Ta

_ —(kn + aky)) _a(Cyy — Cp)esy
hysgy = —————=,  hyyy = ———

l+a (I+a)Cpy
Py = (Ci1 — Cio)est s = —Cize3 +ess
(1+aCy Cu ’

h3as3 = C
I

Hinn = Hppn = Hypz =1

1
Hyppo = Hyzi3 = Hopz = 3
elSle

Hy3=Hupn=—5—"F—"—
2(efs + Cukir)

Cukt,

H = H. =1—-—

1414 2424 2+ Calen
(Cszestk]) — Cizessky))

2C53e3 — 4C3esi1e33 + (Cry + Cia)edy — 2C Lkss + (Ciy + C12)Cazkas

H3y1y = Hyp =

[2C13e31 — (Ci1 + Cro)esslkt,
4C3e3ie33 — (Cra + Co)edy + 2C Hksz — C33(2e3 + (Cii + Cio)ks3)

H3433 =

[2C & — (Ci1 + Cpo)Caslks,

H =1- .
3434 4C3ez1e33 — (Cro + Ca)eds + 2C Hksz — Caa(2e3, + (Cii + Cio)ks3)

Appendix B

The equivalent eigen-strain and eigen-electric field obtained from Eq. (12) are given below. For the in-
plane shear stress o 5; applied in piezoelectric solid:
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75 = (1+;l)2C11<2731_ (BI)
a(Ci=Cp)
For the tensile stress 69, applied in piezoelectric:
Z% = —{[C3,(e3y + C33ka3)® + Cri(6C Heh; — 24C13Cx3e3 e33 + 24C Fededy +4C1Cazed ey
—8C1aC13e3103; + C hegy +2(2C3(=3C &5 + C1aCiz)ed, +4C13(3C 5 — C1aCs3)esess
+ Cia(—2C {5 + CraCsz)e )kss + (6C 1 — 4C1C Cs3 + C HC 3)k33] + C fl(e3
+ C33k33)(5Cxes; — 10C1se31e33 + 2Caesy — 5C Hkas + 2C12Cazksz) — (Cxzenn
— Ci3e33) k5 ]+ Cia[—(2C33e3; — 4C13e3133 + Craedy — 2C Hkss + CiaCaskss)(Cazed
— C13(2e31633 + Ci3k33)) + Cia(Cazear — Cizess) ki 105, /{(Cri — Ca)(Ciy + Cra)

x (2C33e3, — 4Cpzes1e33 + (Ci1 + Cia)edy — 2C ks + (Cri + Cio)ed) (B2)

73, = {[(2Cxe3, — 4C13e31e33 + (Cri + Cia)edy — 2C Hkas + (Cry + Ci2)Cazkaz)(1
+2a)C {i(e35 + C3k33) + Cri(ess(—2(1 + 4a)Crses) + (1 4 2a)Craezs) — (1 + 4a)C k33
+ Cys(ed; + 4aed; + Croksy + 2aCioks3)) + Cra(Cze3; — Cr3(2esiess + Ciskan))(Cry
— C)(Cr1 + C)(Cazest — Crsess) *ki 1051/ {(Cii — C)(Cry + C2)(2Cxe3;

—4Cpeziess + (Cry + Co)ed — 2C Bkss + (Ciy + Ci2)Cazkaz)?) (B3)

Z% = —{l(e3133 + C13k33)(2Cx3e3, — 4C13e31633 + (Cii + Cia)ess — 2C fyks3 + (Chy
+ C12)C33k33)(=2C13e31 + (Ci1 + Cra)ess)(—Cxzesr + Cizen)ki 1051 /12Cses,

—4Cpesie33 + (Cri + Cro)esy — 2C k33 + (Cii + Ci2)Cazkss)? (B4)

7% =[(Csze31 — Crzens)(—4Czeziess + (Cry + Cra)esy + Caz(2e3; + (Cri + Cia)(kss — k3)))
—2C (ks — k§))10% /[2Cx3e3; — 4C1ses1e33 + (Cii + Cia)ess — 2C Hhkas + (Chy
+ C12)Cazka)? (BS)
For the anti-plane shear stress ¢ 95 applied in piezoelectric solid:

(14 @)[Cakyy (k) + akyy) + efs(kn + k) 4 ak}))]oos

z5 = (B6)
= 2(e% + Caskni)(eds + Caskri + aCaskty)
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X (1 + a)ersleds + Caalkiy — ki))lo2s

27 (e + Caskri)(els + Caskry + aCuakt))

For in-plane electric loading DY incited in parallel with crack faces:

(1 + a)eis[eds + Caalkyy — ki))]IDY
2(eds + Cukn)aeis + aCukyy + Cask?ty)

*_
Zl3_

_ (I+ a)C44(€]25 + C44(k11 — kT]))D?
(efs + Caskr)aels + aCaskiy + Casky)

* o __
Z41_

For in-plane electric loading DY incited in perpendicular with crack faces:

(4 a)ers(efs + Caalkr — k%,))DY
57 2(els + Caakrr)eds + Caakry + aCaak))

_ 1+ a)C44(€125 + Cya(kery — le))Dg
(6125 + C44k11)(€125 + Cuskyy + aCuski))

ZZz =
For anti-plane electric loading D9 applied only:
Zh =27
= {(Csze31 — Cize33)[—4Ci3ez1e33 + (Ciy + Cra)es; C33(2e3, + (Cry + Cro)(kss — ki)
—2C L(kys — kiDIDSY/2Cs3e3, — 4C13e31e33 + (Cii + Cia)eds — 2C By + (Chy

+ C12)Ci3k33}?

Z% = 1{[2C13e31 — (C11 + Ci)exsl[4Cizesiess — (Cri + Cra)edy — C33(2e3; + (Chy + Cio)(k33

— k) +2C Hlkss — k)IDYY/{2C33e3, — 4C13e31e33 + (Cry + Craeds — 2C Lk

+(C11 4 C12)Ci3kss)?

Z4 = —{2C L — (Ci1 + C)CxldC1ses1e33 — (Cri + Cia)edy — Cx3(2ed + (Cii + Cia)(kss

— k) +2C H(ls — K;DIDYY/{2Cx3ed;, — 4Ci3esie33 + (Cii + Cia)esy — 2C Hkas + (Cry

+ C12)Cazkaz}?
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